Nonlinear Dynamics of Composite Fermions in Nanostructures 

R. Fleischmann, T. Geisel, C. Holzknecht, and R. Ketzmerick 
Institut fiir Theoretische Physik und SFB Nichtlineare Dynamik, 
Universitat Frankfurt, D-60054 Frankfurt /Main, Germany 

We outline a theory describing the quasi-classical dynamics of composite fermions in the fractional 
quantum Hall regime in the potentials of arbitrary nanostructures. By an appropriate parametriza- 
tion of time we show that their trajectories are independent of their mass and dispersion. This 
allows to study the dynamics in terms of an effective Hamiltonian although the actual dispersion 
is as yet unknown. The applicability of the theory is verified in the case of antidot arrays where it 
explains details of magnetoresistance measurements and thus confirms the existence of these quasi- 
particles. 
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Considerable progress in the understanding of inter- 
acting 2D electron systems was made when the frac- 
tional quantum Hall effect [1] was explained as the in- 
teger quantum Hall effect of novel particles, so-called 
composite fermions (CFs) [2]. They result from a sin- 
gular gauge transformation [3] and consist of an electron 
with an even number of magnetic flux quanta attached 
to it. In a mean fleld approximation they experience an 
effective magnetic field B^s = B — 2m4>on given by the 
external magnetic field B plus the average magnetic field 
—2m(j)on bound to the other CFs, where 2m is the num- 
ber of magnetic flux quanta 4>o = h/e per CF and n is 
the 2D electron density. At first, CFs seemed to be no 
more than a helpful mathematical construct. The situa- 
tion changed, when in a key experiment by Kang et al. [4] 
it was verified that near fiUing factors v = l/2m there 
is a well-defined Fermi surface as predicted by Halperin, 
Lee, and Read [5], on which CFs seem to move in a sim- 
ilar way as electrons do near B = 0. By measuring the 
magnetoresistance in antidot arrays they found commen- 
surability peaks due to CFs at small effective magnetic 
fields Bf.ff ~ 0, i.e. B ~ By=i/2m = 2m(j)on, that had 
previously been observed for electrons at small magnetic 
fields S ~ [6,7] and were explained by classical chaotic 
electron dynamics in a Sinai bilHard with soft walls [8]. 
Similarly, Goldman et al. [9] observed magnetic focussing 
peaks of CFs corresponding to an effect that is well un- 
derstood for electrons [10]. 

Although the electron analogy in these experiments in- 
dicated the existence of CFs, the magnetoresistance near 
Bes — 0, however, conspicously differed from the mag- 
netoresistance of electrons near B ~ 0. E.g. the antidot 
experiment showed asymmetries around effective mag- 
netic field zero that are not present for electrons [4] and 
the magnetic focussing peaks, surprisingly, were stronger 
for CFs than for electrons [9]. These differences were 
expected to be related to the striking property of CFs 
that a nanostructure potential U{x,y), which infiuences 
the electron density n(x,y) causes a spatially modulated 
effective magnetic field [5,11] 



Bes(x, y) = B - 2m(j)Qn{x, y). (1) 

Thus the motion of CFs at B ~ -B,^=i/2m should be quite 
distinct from the motion of electrons at B ~ as soon 
as the potential is not uniform, which is the case in any 
experimentally realized nanostructure due to the soft- 
ness of the confining walls. Quasi-classical equations of 
motion describing CFs in nanostructure potentials, how- 
ever, have not been obtained so far thus preventing a de- 
tailed analysis of any transport experiment on CFs (e.g. 
Refs. [4,9,12]). 

In the present letter we outline a quasi-classical theory 
for the motion of CFs in general nanostructure poten- 
tials U{x, y) leading to a description in terms of effective 
potentials [/efr(a;,?/) experienced by the CFs. By an ap- 
propriate nonlinear parametrization of time we obtain an 
effective Hamiltonian with the amazing property that the 
CF trajectories are independent of the CF mass and more 
generally of the CF dispersion ec^{k). This is particu- 
larly important as it allows to study the dynamics of CFs 
even if we lack the dispersion relation, which as yet is un- 
known [5,13]. On the other hand we can conclude that 
an experimental determination of the CF mass and dis- 
persion in the quasi-classical regime will be feasible only 
by means of time or frequency dependent methods, as 
only the time scale of the trajectories depends on the dis- 
persion. This theory provides the framework for study- 
ing the quasi-classical dynamics and magnetotransport of 
CFs in any nanostructure as well as its differences from 
the electron case. We test its applicability in the exam- 
ple of antidot arrays where we calculate the longitudinal 
and the Hall resistance near filling factor v = 1/2 and 
find a surprisingly good agreement with the experiment 
of Kang et al. [4]. The origins of various experimental 
features such as a suppression of peaks and asymmetries 
with respect to an inversion of _Ceff are explained. The 
detailed agreement of experiment and theory thus empir- 
ically confirms the existence of CFs. 

In analogy to electrons [14] the motion of CF 
wavepackets is described by the quasi- classical equations 
of motion (QCEM) v = {l/h)dScF{k)/dk and hk = 



1 



—e{v X -Beff) — dUes/dr for a dispersion ecpik) in a 
slowly varying potential Ues (see below) and small effec- 
tive magnetic field Bgs- We expect the QCEM to be a 
good approximation as long as the Fermi wavelength Xp 
is small compared to the spatial scale of the potential, as 
is the case e.g. in antidot arrays [4] (A^ ~ 45nm ^ a ~ 
500nm). Naively, one would expect that CFs experience 
the same potential U{x,y) as electrons. This leads to 
the following contradiction, however: As the dispersion 
ecF(fc) originates from electron-electron interaction, it is 
distinct from the electron dispersion [5,15,13]. Therefore 
CFs and electrons have different Fermi energies, which 
would lead to very different density distributions if they 
experienced the same potential. In contrast, for poten- 
tials slowly varying on the scale of the magnetic length 
and for v{x,y) « 1/2 away from any Hall plateaus, it 
is reasonable to assume that the CF density distribution 
is the same at BefF — as the electron density n{x,y) 
at -B ~ 0, which is related implicitly to the electrostatic 
potential by means of the constant electronic Fermi en- 
ergy = e{n{x,y)) + U{x,y). This assumption and the 
constancy of the CF Fermi energy can only be fulfilled if 
the CFs experience an effective potential Ues, different 
from the bare potential U, given by 



Uesix, y) = E§'' - (n {x, y)) 



(2) 



Inserting this effective potential into the QCEM and 
introducing a nonlinear parametrization s{t) of time by 
ds/dt = {l/a){d£c^ldn)\n=n(x(t),v(t)) yields 
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Here a is an arbitrary constant giving s the dimension 
of time, and n = |fep/47r [5] holds for the spin polarized 
CFs. Amazingly, these equations of motion are indepen- 
dent of the CF energy dispersion Scvik). Thus ecF(fc) 
changes the time scale, but not the path of a classical CF 
trajectory. This property is of great importance, as it al- 
lows the study of classical dynamics of CFs even though 
their dispersion is so far unkown [5,13]. 

In order to compare with previous work on electron dy- 
namics in nanostructures we derive an equivalent Hamil- 
tonian from Eq. (3): It is convenient to choose a = 
Tifi^ Im*, which with n{x,y) = (m*/7r7i^) (Ep — U{x,y)) 
and the effective electron mass m* yields 



H 



(p- eAea(x,y)) 
2(2m*) 



+ U{x,y) 



(4) 



and allows to describe CFs as if they had the Fermi en- 
ergy F,p and twice the mass of the electrons and moved 
in the bare potential U{x,y). The factor of 2 originates 
from the spin polarization of CFs used in Eq. (3). It 
should be noted, however, that the time or energy scale 
of Eq. (4) is arbitrary (as was a) and should not be con- 
fused with the true but unknown time or energy scale of 



CFs. The vector potential Aeg{x,y) is determined such 
that rot Aes = Beg with 



Bes{x,y) = B°g + 



Uix,y) 
Ep 



as follows from Eq. (1) for m = 1. Here B°g 



B-B„ 



(5) 



.1/2 



is the effective magnetic field for zero potential. 

Furthermore, we have to consider that a current of CFs 
is also a current of magnetic flux quanta and by Faraday's 
law induces a perpendicular electric field. This effect is 
important for non- equilibrium currents [16] and can easily 
be incorporated by adding 2mh/e'^ to the Hall resistance 
Pxy calculated in the CF picture. Equilibrium currents 
induced by an electrostatic potential (e.g. diamagnetic 
currents) would in addition require a selfconsistent deter- 
mination of the CF dynamics and the effective potential. 
In the classical limit, however, the equilibrium currents 
vanish for electrons and CFs [17]. 

The frequency dependent conductivities cry(w) are 
given by the classical Kubo formula [8]. For uj = they 
are invariant under the transformation i — > s [17], al- 
lowing us to study DC-magnetotransport of CFs in the 
classical limit without knowing the CF energy dispersion. 
From this one can conclude that an experimental deter- 
mination of the CF mass and dispersion in the quasi- 
classical regime will be feasible only by means of time or 
frequency dependent methods. 

We now apply these results to the CF dynamics in an- 
tidot lattices near v = 1/2, but first quote some of the 
main results for small magnetic fields [6-8,18,19]. The 
electron resistivity p^x (B) exhibits a characteristic series 
of peaks [6,7]. These peaks were shown to be caused by 
the trapping of chaotic electron trajectories close to non- 
linear resonances that refiect commensurabilities of the 
cyclotron diameter dc and the lattice period a and cor- 
respond to cyclotron-like motion around a certain num- 
ber of antidots [8]. The number of peaks, their shape 
and magnetic field positions depend on the parameters 
of the potential U{x,y) = Uq [cos^tt x / a) cos{tt y /a)] '^ 
[8,19]. For the previously used parameters /3 = 4 and 
d/a =1/4 [8] the electron resistivity p^x (Fig. la) ex- 
hibits two peaks for positive and negative magnetic fields, 
respectively, and agrees reasonably well with the ex- 
perimental electron resistivity measured by Kang et al. 
(Fig. 2 in Ref. [4]) for a = 700nm. We therefore use 
these parameters of the potential for studying the mag- 
netotransport of CFs. 

We numerically evaluate the Kubo formula for the CF 
dynamics using the methods developed for electrons in 
Ref. [8]. Like for electrons the resistivities are mainly 
determined by chaotic trajectories (which stay close to 
the bottom of the antidot potential thus fulfilling the as- 
sumption v{x,y) « 1/2). Figure la shows the results 
of these calculations for CFs in the vicinity oi v = 1/2, 
i.e. Bgfj ~ 0. In contrast to the electron result they show 
(i) a strong asymmetry in the heights of the main peaks 
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for negative and positive effective magnetic fields, (ii) a 
shift in the peak position at negative effective magnetic 
fields, (iii) a broadening of their width, and (iv) a supres- 
sion of the peaks due to CF trajectories encircHng 4 anti- 
dots. As we have used the same mean free path for CFs 
and electrons in Fig. la, this supression is caused by the 
spatially varying magnetic field (Eq. (5)), which strongh^ 
restricts the possibility of cyclotron-like motion around 4 
antidots. In the experiment the mean free path of CFs 
is considerably smaller than for electrons and therefore 
these peaks vanish completely. Considering the lack of 
parameter fitting these results (i)-(iv) agree surprisingly 
well with the experimental findings by Kang et al. [4], as 
shown in Fig. lb for a realistic mean free path. 

The most striking feature is the occurrence of an asym- 
metry in pxx around = that is not present for elec- 
trons. Why does a reversal of the direction of B^g change 
the transport properties? From Eq. (5) it is clear that 
whenever the potential increases, the effective magnetic 
field Bes{x,y) experienced by a CF increases. For the 
case B°g > this will increase the magnitude |-Beff(a;, y)\, 
whereas for < it will decrease the magnitude 

\Bes{x,y)\ and for strong potentials like the antidot po- 
tential Bes{x,y) will even become positive. Thus a sign 
reversal of B^g- does not always lead to a sign reversal 
of -BefF(a:, y) and quite different classical trajectories with 
flipping curvature can be expected, as shown in Fig. 2a, b 
(left insets) for trajectories close to a single antidot. 

In Fig. 2 the consequences of this asymmetry are shown 
on a larger length scale for positive and negative effec- 
tive magnetic fields B^^ corresponding to the main peak 
positions of p^x- Even though both chaotic trajectories 
encircle single antidots for some time, their overall be- 
haviour is quite distinct due to curvature flipping for 
Bgff < 0. This explains the existence of the magneto- 
transport asymmetry around B^g = 0. For various anti- 
dot potentials with different antidot sizes and shapes we 
have found the main peak in p^x to be larger for B^g < 
than for B°g > 0, in agreement with the experimental 
findings [4]. 

The shift of the main peak for negative magnetic fields 
(ii) reflects the fact, that the peaks do not follow from 
simple commensurability arguments, but stem from non- 
linear resonances in phase space due to complex nonlin- 
ear dynamics, as illustrated in the right inset of Fig. 2a. 
Similar shifts of peak positions have been observed for 
electrons [6,8,19]. 

In the future it will be of interest to see how far the 
insensitivity of the dynamics and the magnetoresistance 
to the actual dispersion carries over into the regime far- 
ther away from v = l/2m where a quantum description 
is necessary. 
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FIG. 1. Results of the numerical integration of the Kubo For- 
mular. (a) Longitudinal resistivity pxx of CFs vs. effective mag- 
netic field (solid line) in comparison to pxx of electrons vs. 
magnetic field H (dashed line). Impurity scattering was incorpo- 
rated in the calculation in relaxation time approximation choosing a 
mean free path of A ~ 25//TO in both cases. The magnetic field axis 
is scaled by Bq corresponding to a free cyclotron diameter equal to 
the lattice period. For CFs So is \/2 times larger than for electrons 
due to spin polarization [5]. The resistivities are scaled by the zero 
magnetic field resistivities f^^. The statistical fluctuations of the 
data are due to the finite number of orbits used in the numerical 
calculation. The inset shows the corresponding Hall resistivity of 
CFs (less 2/i/e^) which shows shifts in B and pxy with respect to 
the electron result, (b) The longitudinal resistivity pxx with mean 
free path A ~ l//m (solid line) compared to experimental data for 
lattice period a = 700 nm by Kang et. al. [4] (dot-dashed line), 
where the exact position of B^^j was determined from the Shub- 
nikov-de Haas oscillations in the vicinity of v = 1/2. The insets 
show the different character of chaotic trajectories responsible for 
the main peaks. 




FIG. 2. Segments of chaotic CF trajectories for effective mag- 
netic fields corresponding to the main peak at (a) negative and 
(b) positive effective magnetic field. The left insets show that 
in contrast to electrons (dashed lines) the CF trajectories (solid 
lines) are not symmetric under sign reversal of the magnetic field 
B^g, and for B^^ < their curvature may flip near an antidot. 
The right insets show the different regular orbits belonging to 
the resonances that trap the chaotic trajectories and thereby are 
indirectly responsible for the peaks in Pxx • 

The potential of the an- 
tidots is shown as a contour plot, where the black areas correspond 
to energies larger than Ep. 
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